Scroll waves in a three-dimensional media may develop into turbulence due to negative tension of the filament. Such negative tension-induced instability of scroll waves has been observed in the Belousov-Zhabotinsky reaction systems. Here we propose a method to restabilize scroll wave turbulence caused by negative tension in threedimensional chemical excitable media using a circularly polarized (rotating) external field. The stabilization mechanism is analyzed in terms of phase-locking caused by the external field, which makes the effective filament tension positive. The phase-locked scroll waves that have positive tension and higher frequency defy the turbulence and finally restore order. A linear theory for the change of filament tension caused by a generic rotating external field is presented and its predictions closely agree with numerical simulations.
I. INTRODUCTION
Nonlinear waves and remarkable spatiotemporal excitation patterns are observed in a broad range of nonequilibrium systems, including physical, chemical, and biological systems [1] . They are widely regarded as having important implications to the function and performance of living systems [2] . A well-known example is cardiac tissue where the propagation of electrical depolarization waves initiates the mechanical contraction of the heart. Furthermore, abnormal excitations of the heart result in cardiac arrhythmias such as ventricular fibrillation [3, 4] . In the three-dimensional (3D) heart, the abnormal excitations may involve rotating scroll waves or scroll wave turbulence [2] . Scroll waves also occur in other systems, such as Belousov-Zhabotinsky (BZ) reactions [5] , and the slime mould Dictyostelium discoideum [6] . They can be treated as a spatial stack of two-dimensional (2D) spiral waves. Similar to 2D spirals rotating around a phase singularity, 3D scroll waves rotate around a filament curve, which connects singularities of the activation phase. The filament can be straight or curved and it can only terminate on medium boundaries but may also form closed rings or knots.
The long-term behavior of filaments was shown to depend on the sign of the filament tension γ 1 , which is determined by the medium properties [7] . When tension is positive, small perturbations from a straight line will shrink. However, in media exhibiting negative filament tension, a straight filament in a large enough domain [7] [8] [9] is unstable, causing an initially straight scroll to decay into an unordered, turbulent state. By this negative tension instability, a scroll wave may lose its stability even when the 2D spiral wave is stable with the same parameters of the system [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . The negative tension-induced instability of scroll waves has also been * These authors contributed equally to this work. † bwli@hznu.edu.cn ‡ hongzhang@zju.edu.cn reported in chemical excitable media including the BZ reaction [19] [20] [21] .
Compared to controlling spiral turbulence in the 2D case, studies on how to suppress the scroll wave turbulence in 3D are still very limited [22] [23] [24] [25] [26] [27] [28] . It was first shown that scroll wave turbulence can be effectively suppressed with global periodic forcing [22] . Subsequently, a more efficient way using a localized forcing was proposed [23] . However, no experimental progress on controlling scroll wave turbulence with the above methods was reported, even though their basic ideas were first proposed a decade ago. Therefore, it is important to find a way that effectively orders scroll wave turbulence and that can be easily implemented experimentally.
Applying external fields, e.g., electrical fields, is known to have effects on the dynamics of excitation waves and can be easily performed in experiments. The best known example is the application of an electrical shock to a fibrillating heart in order to restore normal rhythm. In chemical systems, the electrical fields cause the advection motion of ionic species, which results in electrophoretic spiral wave drift [29] . Recently, the effect of a circularly polarized external field (CPEF) (i.e., a rotating electrical field) on 2D spiral waves was investigated [30] . It was shown that a CPEF can be experimentally realized in BZ experiments [31] and that it can be used to phase-lock 2D spiral waves if the frequency difference is small enough [32] .
In this paper, we propose a new method to control scroll wave turbulence in chemical excitable media by applying a rotating electrical field. We numerically show that there is a regime where 3D scroll waves are phase-locked to the CPEF. Importantly, a significant portion of the phase-locked scroll waves will exhibit positive effective tension and higher rotation frequency. After the external field is switched on, these phaselocked scroll waves with positive tension and higher frequency eventually suppress the scroll wave turbulence, as shown in Fig. 1 .
A significant asset of our method is that no feedback loop is needed for the control of the system; it suffices to take the CPEF amplitude strong enough to guarantee positive effective filament tension and to choose the CPEF frequency slightly higher than the natural spiral wave rotation frequency. This paper is organized as follows. In the next section, we provide numerical evidence that a rotating external field can restabilize scroll wave turbulence. In Sec. III, we elucidate the underlying mechanism, and in Sec. IV we provide an analytical theory for small field strengths. After numerical validation of our theory in Sec. V, we discuss our results in Sec. VI.
II. NUMERICAL METHODS AND RESULTS
To address the control of scroll wave turbulence by a rotating external field, we use a generic excitable reactiondiffusion model coupled to a CPEF [33] [34] [35] :
This model accurately models the influence of an electrical field E on a chemical reaction. However, it does not describe electrical defibrillation of the heart, since the coupling term is different in that case [36] . In Eq.
(1),D andM are constant matrices that include on their diagonal, respectively, the diffusivities and mobility of the state variables. For this paper we choose Barkley kinetics [37] , i.e., u = [u,v] T and
T . Furthermore, in simulations we putD =M = ( 1 0 0 0 ) and take a = 1.1, b = 0.19, and = 0.02 such that filament tension is negative without the CPEF [22] . A counterclockwise (CCW) external field with amplitude E and angular frequency ω e is modeled as E = e x E cos ω e t + e y E sin ω e t. Numerical simulations were conducted with the space step x = 0.2 and time step , around which stable scroll waves rotate. The remaining phase-locked scroll waves can be driven away from the boundary if we apply an additional direct current (dc) electric field, in which case the system will return to the rest state.
The transition from the spatiotemporal disordered state (scroll wave turbulence) to the ordered state (stable scroll waves with straight filament) induced by the applied CPEF is found to occur in a broad parameter regime in ω e -E space, marked by the black dots in Fig. 2 . One notes that there is a finite threshold E th ≈ 0.2, beyond which turbulence can be suppressed. Also, the mismatch of the frequency | ω| = |ω e − ω 0 | should not be too large. Furthermore, the wedge-shaped region for suppression of turbulence is not symmetrical in the frequency difference, and its largest part is found where ω e > ω 0 . All these observations can be explained by the mechanism we propose below.
Together with the reordering transition, a process called chiral symmetry breaking also takes place. Specifically, in each plane z = constant of the initial state [ Fig. 1(a) ], both clockwise (CW) and counterclockwise (CCW) spiral wave rotation are observed. However, in the final states only one kind of chirality of phase singularities (i.e., CCW) is observed; see Fig. 1(f) . This is understandable since the CPEF breaks the chiral symmetry of the original reaction-diffusion system. In recent studies on 2D spiral waves under a CPEF [32, 38] , we have studied the phase-locking of 2D spiral waves and presented a quantitative theory for the phenomenon. 
III. MECHANISM FOR SUPPRESSING TURBULENCE
We now discuss the three conditions that must be met for successful suppression of turbulence: phase-locking of scroll waves, positive effective filament tension, and faster rotating phase-locked scroll waves. The favorable regions for each criterion are given in is seen to precisely predict the regime of 3D turbulence suppression in Fig. 2 .
A. Phase-locking condition
The first necessary condition to suppress 3D turbulence is phase-locking of nearly vertical scroll waves to the CPEF. To investigate how the phase-locked scroll waves relate to the transition from disorder to order induced by the CPEF, we show in Fig. 3 the parameter region (ω e , E) where phase-locking occurs with 2D spiral waves in a CPEF. In Ref. [32] we showed that for small field strengths E, this zone is well described by
Here, M = || M|| can be calculated as an overlap integral if the 2D spiral solution and the critical adjoint eigenmodes (response functions [39] ) of the system Eq. (1) are known; see Sec. IV and Eq. (9) below. However, phase-locking alone cannot account for the ordering of 3D turbulence, since filaments that are not aligned with the CPEF rotation axis will be less sensitive to forced synchronization.
B. Positive filament tension condition
A second key factor for the reordering of 3D turbulence is the change of filament tension under a CPEF; we will denote the effective filament tension under a CPEF as 1 , and the second condition to reorder scroll wave turbulence is To the best of our knowledge, this paper is the first to report on this effect. To explain our methods, it is instructive to understand filament tension in three ways. The equivalence of the three manifestations of filament tension can be proven by its explicit expression in terms of response functions [7] [8] [9] 40, 41] .
First, Keener derived an equation of motion for the filament curve of a scroll wave [40] , which was shown by Biktashev et al. to be dominated by the filament tension γ 1 and pseudoscalar tension γ 2 [7] .
Second, one may perform linear stability analysis around a straight scroll wave, assuming that its filament remains straight [8, 9] . The field perturbations with wave number k z 012216-3 along the z axis grow exponentially with eigenvalue
, demonstrating that a straight scroll wave is stable only if γ 1 > 0.
Third, the filament tension coefficients are directly related to the drift direction of a 2D rigidly rotating spiral wave in a small constant external field e. In a chemical context, this situation is referred to as "electrophoretic drift." Specifically, the drift velocity V of a spiral wave with angular velocity vector ω can be written as V = 1 e + 2 ω || ω|| × e [8] , where 1 , 2 are again the filament tension coefficients. Note that 1 > 0 only if the spiral drifts toward to the half-plane indicated by e.
In view of the importance of the sign of 1 in determining the stability of the scroll waves, we measured it for all phaselocked spiral waves from Fig. 3 . For simplicity, we applied a small constant field e of strength 0.01 along the positive x axis together with the CCW CPEF on a 2D spiral wave. Only if the phase-locked spiral wave drifts to the right, its tension is positive. The results of these simulations are presented in Fig. 4 . In Fig. 4(a) , we already observe that increasing the field strength from 0 to 0.2, changes 1 from negative to positive values, for a finite threshold value of E. This change occurs for a large portion of the phase-locking regime, as seen in Fig. 4(b) . To quantify the change of the tension caused by the CPEF, we show 1 as function of frequency for E = 0.20 in Fig. 4(c) . Remarkably, we observe that a significant portion of the scroll waves that are phase-locked to the CPEF exhibit positive filament tension 1 when the CPEF intensity is sufficiently strong.
Condition Eq. (2b) explains the existence of a threshold CPEF amplitude E th to restore order. In a large enough CPEF, the portions of the filament that are aligned with the CPEF axis are stable when 1 is positive. Therefore, the filament segments aligned with the CPEF axis are expected to grow over time, while nonaligned segments keep deforming as they still experience negative tension.
C. Frequency condition
Finally, the third condition for ordering scroll wave turbulence is that
where ω same (ω opp ) is the rotation frequency of the spiral wave with the same (opposite) chirality to the CPEF. In 2D excitable media, it is well known that spiral waves with faster rotation frequency suppress the slower ones, since the arms of fast sources can penetrate into the core regions of slower rotating spiral waves and push them away. The full circles in Fig. 5 indicate where the CCW spiral waves have higher frequency than CW spiral waves under the same CCW CPEF for the 2D case. It is worth pointing out that the surviving scroll waves can be observed not only for ω e > ω 0 , but also for ω e ω 0 , since the CPEF slightly reduces the rotation speed of spirals with opposite chirality [38] . The three criteria [Eqs. (2a)-(2c)] of phase-locking, effective positive tension, and faster rotation fully explain the phase diagram for the ordering of scroll wave turbulence in Fig. 2 . Note that the successful conversion cases in Fig. 2 
IV. RESPONSE FUNCTION THEORY
We now derive explicit expressions for the condition Eqs. (2a) and (2b) in the limit of small field strength E. Here, we extend the response function theory of spiral waves (see, e.g., Refs. [7, 9, 39, 40, 42] ) to include the CPEF.
A. Response functions under a CPEF
If U is a phase-locked solution to Eq. (1) in two spatial dimensions, it obeys in a frame corotating with the CPEF the equation
where E is a constant vector which breaks rotational symmetry. Linear stability of U with respect to small perturbations requires that the associated linear operator
has only eigenvalues with real part 0. By differentiating Eq. (3) with respect to x and y, it can be shown that Eq. (4) has two critical eigenmodes
obeyingLV m = miω e V m , where m ∈ {−1,1}. With respect to the standard inner product on the plane f|g = f H gdS, the adjoint operatorL
then also has two critical modesL † W m = −miω e W m , which are known as "response functions" [39] . We normalize the response functions such that W m |V n = δ m n . In the absence of a CPEF (ω e = ω 0 , E = 0), we have the
In this limit we retrieve the standard response function theory of spirals described in, e.g., [7, 9, 39, 42] . Due to the rotational symmetry of Eq. (6), the case with E = 0 also possesses a rotational zero mode V 0 = −∂ θ u 0 and a rotational response function W 0 obeyingL † W 0 = 0. Here, we normalize the critical modes such that W m |V n = δ m n where m,n ∈ {−1,0,1}.
B. Phase-locking condition
To proceed, we first compute the lowest-order spiral wave modification U = u 0 + E · u e by substituting this expression in Eq. (3), deliverinĝ
Since W 0 belongs to the null-space ofL † , projecting onto W 0 yields the solvability condition
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This is precisely the phase-locking condition Eq. (2a), which was derived before in Ref. [32] from the spiral wave's equation of motion. Since we are working in the phase-locking regime only, we know this condition is fulfilled and will assume so henceforth. In the next step, we multiply both sides of Eq. (8) withπ 0 = 1 − |V 0 W 0 | and perform the inversion ofL in the resulting subspace to find
The constant a is not constrained by Eq. (8) . Since rotating the unperturbed solution u 0 over a small angle η shifts u 0 to u 0 + η∂ θ u 0 , we may choose an suitable rotation of the unperturbed solution to set a to zero.
C. Calculation of effective filament tension
Here, we recall a major result of classical response function theory, i.e., the explicit overlap integral expression for filament tension is γ 1 + iγ 2 = W 1 |D|V 1 [7] . The derivation of this formula in Refs. [8, 9] can be readily applied to Eq. (1), yielding
In lowest order in E we expect the modifications (11) demonstrates that filament tension changes in linear order to
with g = Re( W 1 |D| v + w|D|V 1 ).
The fields v, w can be found by investigating the effect of E onL and its eigenmodes. First, we definê
Then, the modified modes should satisfy
Collecting terms linear in E delivers
Next, we applyπ + = 1 − |V 1 W 1 | to both sides of Eq. (16), such that (L − iω 0 ) becomes an invertible operator in this subspace. This way, we find
Here, we use the fact thatL andπ + commute, since they share the same eigenvectors. Further, note that the correction v may in principle possess a component along V 
Some final remarks are appropriate here. First, Eq. (17) for v seems at first to differ from applying ∂ 1 = − 1 2 (∂ x − i∂ y ) to u e , as suggested by Eqs. (5) and (10) . However, both methods are equivalent, since v = ∂ 1 ∂ E U = ∂ E ∂ 1 U evaluated at E = 0. Second, note that the change in filament tension under a CPEF depends on the angle between g, which is fixed relative to the spiral wave, and E. Under phase-locking, the orientation of E relative to the spiral wave is determined by the condition ω = E · M, such that the pair (|| E||, ω) uniquely defines the change in filament tension.
V. COMPARISON OF THEORY AND SIMULATIONS
For Barkley's model in Fig. 1 we computed the unperturbed spiral solution and response functions using the open source software "dxspiral" [42, 43] on a disk of radius 10 with 100 radial and 64 circumferential grid cells. We extended the code to evaluate Eqs. (10), (13) , and (17) numerically. Herein, the inversion ofL necessary in Eq. (10) was performed using the methods described in Ref. [9] .
To investigate how the effective filament tension 1 depends on (ω e /ω 0 ,E), we decompose the vector g in components along and across M:
, where e z = e x × e y for a spiral wave solution obtained in the XY plane. (A chirality prefactor ±1 is not needed in g ⊥ , since we take ω 0 positive for both rotations senses of the spiral wave.) At resonance (ω e = ω 0 ), linear theory predicts that 1 = γ 1 + g ⊥ E, which is compared to numerical simulations in Fig. 6(a) . In the linear regime (0 < E < 0.1) the theoretical slope g ⊥,th = 18.4 corresponds closely to the value g ⊥,num = 17.1 found by linear regression. The saturation effect at large E cannot be described by our current asymptotic theory, as its behavior is not polynomial in E.
In the off-resonance case, we find from Eqs. (9) and (12) 
For fixed E, the curves 1 (ω e ) have the shapes of tilted ellipses, which is confirmed by the numerical data in Fig. 6(b) . For the theoretical comparison, we inserted the dxspiral values M th = 0.76, g ⊥,th = 18.4, and g ||,th = 5.1 in Eq. (20) and found a close agreement between theory and electroforetic drift simulations when E 0.1.
VI. DISCUSSION AND CONCLUSION
We would like to point out here that ordering scroll wave turbulence by applying a CPEF is not limited to the systems with low excitability. We have performed additional simulations for the Bär model [44] with the parameters in the high excitability regime, showing that scroll wave turbulence caused by Doppler instability can also be ordered by applying a CPEF with proper frequency and intensity of the electric field.
Second, we remark that after applying the CPEF, the phaselocked scroll waves shown in Fig. 1(f) can be completely removed from the medium if we apply an additional dc electric field, which pushes the ordered scroll waves to the medium boundary. Applying a dc electric field without a CPEF did not restore order.
Third, the results in this work do not directly apply to electrical defibrillation of the heart, since the coupling term in Eq. (1) is different there [36] . Nevertheless, since we use in Eq. (1) a general coupling term of a RD system to an external field, the stabilization mechanism and theory that we formulated here is likely to apply to systems other than the BZ reaction.
Finally, our results may be directly tested in BZ chemical reaction, where negative tension-induced instability of scroll waves has been observed [19] [20] [21] . Experimentally, a dc electric field has also been employed to study the dynamics of scroll waves [33] [34] [35] . More importantly, the CPEF was recently realized in such systems which may extend to investigate dynamics of scroll waves or turbulence in 3D case [31] , and thus can be compared with our results in this work.
In summary, we have demonstrated that a transition from turbulence to ordered scroll waves in chemical excitable media can be realized by subjecting the system to a rotating electrical field. A finite threshold of the field strength exists, since the filament tension needs to be brought to an effective positive value by the external field. Our theoretical calculation on how the applied field alters the filament tension agrees closely with numerical simulations in the regime of small field strength.
Our predictions may be directly tested in BZ chemical reaction systems, where negative tension-induced instability of scroll waves has been observed and a circularly polarized electrical field has been recently realized experimentally.
